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Abstract
In this work we prove that if there exists a smooth convex body
M in the Euclidean space Rn, n ≥ 3, contained in the interior of the
unit ball Sn−1 of Rn, and point p ∈ Rn such that, for each point of
Sn−1, M looks centrally symmetric and p appears as the centre, then
M is an sphere.
Introduction.
We have obtained our results while we have been exploring a family of
problems concerning characterization of spheres and ellipsoids in terms
of geometric properties of cones which circumscribes convex bodies,
we have considered the papers [1], [2], [7] and [8], but, in particular,
the Conjecture 2 in [2] (which we reproduce here as the Conjecture 1).
Such conjecture was inspired by the following characterization of the
sphere due to S. Matsuura [7]: If a convex body M ⊂ En, n ≥ 3, is
strictly contained in a closed convex surface S and looks spherical from
each points of S, then M is an sphere. In [5] an important progress
to Conjecture 2 in [2] was given, namely, there was proved that if a
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smooth convex body D ⊂ Rn, n ≥ 3, looks centrally symmetric from
every points outside D is because such body is an ellipsoid.
Our main result is this work is the Theorem 2, comparing with
Gruber-Odor’s Theorem [5], for one hand, we have reduced, substan-
tially, the quantity of those points where the convex body looks cen-
trally symmetric, namely, we have assumed information of the convex
body only from the points in a sphere, and, on the other hand, we
have supposed that there is a point p such that p appears as the
centre of the body from every point in such sphere. As immediate
consequence of Theorem 2, we have obtained the Corollary 1 which is
an special case Matsuura’s Theorem, we have just considered the case
S = Sn−1 (Of course, first we have proved, under Matsuura’s Theo-
rem conditions, that all the axis of the spheric cones where a convex
body is circumscribed are concurrent, see Lemma 3). However, our
proof of the general case, i.e., n > 3, of such restricted version of Mat-
suura’s Theorem can be given directly, since in [7] is just indicated
the procedure to carry out the generalization but he did not provide
the complete proof.
The Theorem 3 is the natural variant of Theorem 1, we replaced
the sphere, the locus of the set of vertices of the cones circumscribing
the convex body, for a hyperplane. We decided to include in this work
Theorem 3 because we did not find an explicit references about this
elemental, however, interesting result.
Preliminars.
Let Rn be the Euclidean space of dimension n endowed with usual
interior product 〈·, ·〉 : Rn×Rn → R. We take a orthogonal coordinate
system (x1, ..., xn) for Rn. Let Br(n) = {x ∈ Rn : ||x|| ≤ r} be the
n-ball of ratio r, centered at the origin, and let rSn−1 = {x ∈ Rn :
||x|| = r} its boundary. For u ∈ Sn−1 and s ∈ R, s non-negative,
we denote by Π(u, s) to the hyperplane {x ∈ Rn|〈u, x〉 = s} whose
unit normal vector is u and distance to the origin is equal to s and by
Π∗(u, s) to the open half-space {x ∈ Rn|〈u, x〉 < s}. For the points
x, y ∈ Rn we will denote by aff{x, y} the affine hull of x and y and by
[x, y] the line segment determined by x and y.
The set K ⊂ Rn is said to be a convex body if it is a compact
convex set with non empty interior. A convex hypersurface is the
boundary of a convex body in Rn. As usual intK, bdK will denote
the interior and the boundary of the convex body K. Let Π ⊂ Rn be
a hyperplane. We denote by SΠ : Rn → Rn the reflection with respect
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to Π. We say the the body K ⊂ Rn is symmetric with respect to Π,
or that Π is an hyperplane of symmetry of K, if SΠ(K) = K.
Definition 1 Let K ⊂ Rn be a convex body, n ≥ 3, and let x ∈ Rn\K.
We call the set ⋃
y∈K
aff{x, y}
the solid cone generated by K and x. The boundary of the the solid
cone generated by K and x will be called the cone that circumscribes
K with vertex at x and it will be denoted by Cx.
Definition 2 Let x be a point in Rn such that x = (0, .., 0, xn) and
xn 6= 0 and let M ⊂ Rn−1 be a centrally symmetric convex body in
Rn−1 with centre at (0, ..., 0). We call the set⋃
y∈bdM
aff{x, y}
a symmetric cone with apex x. Such cone will be denoted by T (M,x).
In particular, If M is rSn−2 ⊂ Rn−1, the symmetric cone T (M,x)
will be called right circular cone with apex x. The cone Cy with apex
y is said to be a symmetric cone (right circular cone) if it is a congru-
ent copy of the symmetric cone T (M,x) for some x ∈ Rn and some
centrally symmetric convex body (some sphere rSn−2) M in Rn−1 for
some rigid movement which sent x in y. The image of the xn axis
under such congruence will be called the axis of Cy and will be denote
by Ly.
The results.
In virtue of the following fact
Remark 1 Let E ⊂ Rn be an ellipsoid, n ≥ 3. Then, for every
x ∈ Rn\E, the cone Cx is a symmetric cone,
the next interesting problems arise
Conjecture 1 Let K ⊂ B1(n)\Sn−1 be a convex body, n ≥ 3. If for
every x ∈ Sn−1, Cx is a symmetric cone, then K is an ellipsoid.
Our main result is the Theorem 2, we are able to prove an special case
of Conjecture 1, namely, we assume that all the axis of the cones are
passing for one point. We have decided to present separately the case
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n = 2 of the Theorem 2, the Theorem 1, since it could be considered
as characteristic property of the circle in the direction of the main
theorem of [6].
Let M ⊂ R2 be a convex figure and let x ∈ R2\M be a point. We
denote by lx the bisector of the angle determined by the two supporting
lines of M passing through x.
Theorem 1 Let M ⊂ B1(2)\S1 be a convex figure and let p ∈ R2 be
a point. If for every x ∈ S1, lx is passing through p, then M is a circle
with centre at p.
Theorem 2 Let K ⊂ B1(n)\Sn−1 be a convex body, n ≥ 3, and let
p ∈ Rn be a point. If for every x ∈ Sn−1, Cx is a symmetric cone and
Lx is passing through p, then K is an sphere.
We must observe that in the extreme case of Theorems 1, or 2, when
the radio of the circle, for the case n = 2, or the sphere, for n ≥ 3,
is infinite, with the hypothesis it is only possible to deduce that the
convex body is centrally symmetric.
Corollary 1 (Matsuura) Let K ⊂ B1(n)\Sn−1 be a convex body,
n ≥ 3. If for every x ∈ Sn−1, Cx is a right circular cone, then K is
an sphere.
Theorem 3 Let K ⊂ Rn be a convex body, n ≥ 3, and let Π be a
hyperplane. If for every x ∈ Π\K the cone Cx is a right circular cone,
then K is an sphere.
Proof of Theorem 1.
Let C and D be two convex figures in R2, D ⊂ intC. For every x ∈
bdC, we define the Poncelet’s polygon, PD(x), with respect to C and
D in the following manner. We take a supporting line L of D passing
through x = x1, and we denote by x2 the second intersection of L = L1
with bdC. Given the directed edge −−→x1x2, we denote by E1,2 and
F1,2 the two half-planes determined by aff{x1, x2}, been E1,2 the half
supporting plane of D, and by u interior unit normal vector of E1,2.
Now we require that the set {−−→x1x2, u} is a right frame of R2. We denote
now by L2 the supporting line of C, L2 6= L1, passing through x2 and
so on. The set of vertices of P 1D(x) is the set of points {x1, x2, x3, ...}
and we will assign indices to the vertices in such a way that will give
them a cyclic order if travel the edges of PD(x) in a counterclockwise.
Therefore, the edges of PD(x) are {−−→x1x2,−−→x2x3, ...,−−−−→xixi+1, ...}. We say
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that PD(x) is inscribed in C and that circumscribes D. Given the
directed edge −−−−→xixi+1, we denote by Ei(i+1) and Fi(i+1) the two half-
planes determined by aff{xi, xi+1}, been Ei(i+1) the half supporting
plane of D and by x̂ixi+1 ⊂ S1 the arc S1 ∩Fi(i+1). We denote by QD
the intersection of all the half supporting planes Ei(i+1) of PD(x).
From now on we will assume that C = S1 y D = M . Let x ∈ S1.
We consider a supporting line of M passing through x, say L1. In
virtue of the hypothesis, the second supporting line of M passing
through x, say L2, is obtained reflecting L1 in the line aff{p, x}. Thus
the circle with centre at p and tangent to L1 is tangent to L2 too. Let
y ∈ S1, y 6= x, the other point given by the intersection of L2 with S1
and let L3 be the second supporting line of M passing through y. L3
is obtained reflecting L2 in the line aff{p, y} and the circle with centre
at p and tangent to L2 is also tangent to L3 and so on. We denote by
Σx the circle with centre at p and tangent to L1. Then
PM (x) = PΣx(x). (1)
We divide the proof in two cases. Firstly, we will assume that, for
every x ∈ bdS1, the polygon PM (x) has a finite number of vertices.
Lemma 1 If for some x ∈ S1 the polygon PM (x) has k vertices, then,
for every y ∈ S1, y 6= x, PM (y) has k vertices.
Proof. Let x ∈ S1 be a point such that the polygon PM (x) has k
vertices. The vertices x1, x2, ..., xk divide S1 in a collection of k arcs
A1, ..., Ak and we will asigne indices to them in such a way that
Ai+1 ⊂ Ei(i+1) and xi+1 ∈ bdAi+1. (2)
We claim that there exist an integer r, 0 ≤ r < k, such that for
each i ∈ {1, 2, ..., k} there exists r vertices xi1 , xi2 , ..., xir with the
property
xi1 , xi2 , ..., xir ∈ Fi(i+1) and xij 6= xi, xi+1. (3)
Let y ∈ S1, y 6= x. We denote the vertices of PM (y) by y =
y1, y2, ..., ys, in the same way as we did with those of PM (x), and by
Gi(i+1) and Hi(i+1) the two half-planes determined by aff{yi, yi+1},
been Gi(i+1) the half supporting plane of M , i.e., the half-plane with
interior unit normal u such that {−−−→yiyi+1, u} is a right frame of R2.
Suppose that for two indices i,m ∈ {1, 2, ..., k} we have that ym ∈
Ai. We are going to show that ym+1 ∈ Ai+1.
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We claim that ym+1 can not belong to Aij for j = 1, 2, ..., r. Other-
wise, observing that in virtue of (3) we have that Aij ⊂ Fi(i+1) for
j = 1, 2, ..., r and by (2) Ai ⊂ Fi(i+1), the line segment −−−−−→ymym+1 would
be contained in Fi(i+1) but since
−−−−−→ymym+1 is an edge of PM (y) would
exist z ∈ bdM such that z ∈ −−−−−→ymym+1, and from here z ∈ Fi(i+1)
but this would contradict that aff{xi, xi+1} is a supporting line of M .
Analogously we can see that for every j = 1, 2, ..., r
x(ij+1) ∈ Ei(i+1) and x(ij+1) 6= xi, xi + 1. (4)
Now we are going to show that ym+1 can not belong to Aij+1 for
j = 1, 2, ..., r. If ym+1 ∈ Aij+1 for some j = 1, 2, ..., r, then −−−−−→ymym+1 ⊂
Eij(ij+1) and, therefore,
−−−−−→xijxij+1 ⊂ Hm,m+1 and since aff{xij , xij+1}
is a supporting line of M there exist w ∈ −−−−−→xijxij+1. Thus w ∈ Hm,m+1
but this would contradict that aff{ym, ym+1} is a supporting line of
M . Analogously we can show that ym+1 can not belong to At ∈
Ei(i+1), t 6= ij + 1, i+ 1. Hence the unique place where can be ym+1 is
in Ai+1. From here we have that s = lk for some integer l > 0.
For a positive integer t let
Λt = {y ∈ Ai : PM (y) has tk edges }.
According to this definition we can establish the statement of the first
part of proof of Lemma 1 in the following way:
intAi =
∞⋃
t=1
Λt (5)
We are going to prove that, for every integer t > 0 such that
Λt 6= ∅, the set Λt is an open set. We will show this by the absurd.
Suppose that for some t > 0 the set Λt is not empty and is not open.
Consequently, there exists y ∈ Λt and a sequences {ys} ⊂ Ai and
{ts} ⊂ Z, ts > 0 such that ys → y when s → ∞ and PM (ys) has tsk
edges, ts 6= t. We have the following two possibilities: 1) ts = wk, for
some positive integer w, w 6= t, and this equality holds for an infinite
number of indices s1, s2, ...; 2) ts → ∞. In the first case, in virtue of
the smoothness of M , it follows that PM (ys) → PM (y), according of
the Hausdroff’s metric, thus PM (y) has wk edges but this contradicts
that y ∈ Λt. In the second case, in virtue of the smoothness of M
again, PM (y) has an infinite number of edges but this also contradicts
that y ∈ Λt.
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In virtue of (5) and that the sets At are disjoints and that intAi is
connected, we conclude there exists only one positive integer t0 such
that Λt0 is non empty and Λt0 = intAi. Finally, we claim that t0 = 1.
Since x ∈ bdAi, there exist a sequence {xi} ⊂ Λt0 such that xi → x
and PM (xi) → PM (x) which implies that PM (x) has t0k edges and
from here t0 = 1 since we have assumed from the beginning that
PM (x) has k edges. This completes the prove of Lemma 1.
Lemma 2 Let C ⊂ R2 be a circle and let x ∈ bdC, a ∈ intC be two
points and, let k be an integer, k ≥ 3. Then there exist a unique circle
Wx with centre at a, such that the Poncelet’s poligon PWx(x) has k
vertices.
Proof. The proof follows easily by an argument of continuity. We
denote by r the ratio of C and by t the distance between the centre
of C and a. Let Ω be the circle with centre at a and ratio r − t. In
virtue that, for every x ∈ C, the Poncelet’s polygon PΩ(x) has infinite
number of edges, reducing the ratio of Ω, always with centre at a, we
can make that with the first k edges of the Poncelet’s polygon PΩ(x) we
rich a point y ∈ C, x 6= y, such that x is not contained in ∪ki=2Fi(i+1).
If we continue increasing the ratio of Ω we will get, eventually, that
with the first k edges of the Poncelet’s polygon PΩ(x) we rich a point
z ∈ C, x 6= z, such that x is not contained in ∪ki=2Fi(i+1). In virtue
of the continuity of this process, there exists a unique circle as we
required.
Let x ∈ S1. Let PM (x) be the Poncelet’s polygon inscribed in S1
and circumscribing M . By the case that we are considering, we can
assume that PM (x) has a finite number of edges, say k edges, i.e.,
PM (x) is a closed polygon. By (1), PM (x) = PΣx(x), then PΣx(x) has
also k edges. We denote by Σ the circle Σx. We are going to prove
that, for every y ∈ S1, y 6= x,
Σy = Σ. (6)
In virtue of the Poncelet’s Porism (see, for example, [3],[4]), since
PΣ(x) is a closed polygon of k edges, PΣ(y) is also a closed polygon
of k edges. On the other hand, by the Lemma 1, since PM (x) has k
edges, PM (y) = PΣy(y) has k edges too. By the Lemma 2, Σy = Σ.
From (6) it follows that, for every y ∈ S, QΣy(y) = QΣ(y) and
from this we conclude
Σ =
⋂
y∈S
QΣ(y) =
⋂
y∈S
QΣy(y). (7)
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On the other hand, since M ⊂ Ei(i+1), 1 = 1, 2, ..., k; it follows that
M ⊂ QM (y) and by (1) we obtain, for every y ∈ S1, M ⊂ QΣy(y).
From this and by (7)
M ⊂
⋂
y∈S
QΣy(y) = Σ. (8)
Since every supporting line of M is supporting line of Σ, otherwise,
would exist x ∈ S1 such that Σx 6= Σ but this would contradict (6),
we conclude Σ ⊂M . This and (8), implies M = Σ.
Suppose now that there exists x ∈ S1 such that PM (x) has an
infinite number of vertices x1, x2, ... There are two possibilities: 1) the
set {x1, x2, ...} is a dense set in S1; 2) There exists θ ∈ S1 such that
xn → θ when n→∞.
Let us assume that we are in the case 1). Since, for all i, M,Σx ⊂
Ei(i+1), it follows that
M,Σx ⊂
∞⋂
i=1
Ei(i+1). (9)
On the other hand, let w ∈ ⋂∞i=1Ei(i+1). Let suppose that w /∈ Σx.
Let L be a supporting line of Σx which separates w and Σx. Let m,n
the intersection points of L and S1. In virtue of the density of the
set {x1, x2, ...} in S1, there are two subsequences of vertices xi1 , xi2 , ...
and xi1+1, xi2+1, ... such that xit → m and xit+1 → n when t → ∞
and −−−−−→xitxit+1 is an edge of PM (x). Taking t big enough, −−−−−→xitxit+1 is
close enough of L and, consequently, aff{xitxit+1} separates Σx from
x. Hence w /∈ Eit(it+1). Thus x /∈
⋂∞
i=1Ei(i+1) but this contradicts
the choice of w. Therefore
∞⋂
i=1
Ei(i+1) ⊂ Σx. (10)
Since, for all i, Ei(i+1) is supporting half-plane of Σx and is also a
supporting half-plane ofM , in the same way as we did before, we
show that
∞⋂
i=1
Ei(i+1) ⊂M. (11)
Due (9), (10) and (11)
Σx =
∞⋂
i=1
Ei(i+1) = M.
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That is, M is a circle.
Finally, we assume the case 2), i.e., there exists θ ∈ S1 such that
xn → θ when n → ∞. Since aff{xi, xi+1} is a supporting line of M
there exists a point αi ∈ −−−−→xixi+1 ∩ bdM . From xn → θ it follows
that αi → θ when n → ∞. In virtue that αi ∈ bdM , we conclude
that θ ∈ bdM , because M is closed, however, this contradicts our
assumption that bdM ∩ S1 = ∅. Therefore this case is impossible.
Proof of Theorem 2.
Proof of Theorem 2 case n = 3. We are going to prove that for each
plane Γ through p the section Γ ∩K is a circle with centre at p and
from here we are going to conclude that K is an sphere. Let Γ be a
plane through p. In virtue of the hypothesis, for each x ∈ Sn−1 ∩ Γ,
Cx is a symmetric cone and Lx is passing through p, consequently,
Lx ⊂ Γ, the intersection Γ ∩ Cx is a pair of supporting lines of Γ ∩K
passing through x and Lx is the bisector of the angle determined by
this two lines. Thus the convex curve Γ ∩K satisfies the condition of
Theorem 1. Hence Γ ∩K is a circle with centre at p.
Proof of Theorem 2 case n > 3. It follows straightforward from
case n = 3 by mathematical induction under the dimension.
Proof of Corollary 1.
Lemma 3 Under the conditions of Corollary 1, there exists a point
p ∈ intK such that for every x ∈ Sn−1 the axis Lx of Cx is passing
through p.
Proof. Let x ∈ Sn−1. We are going to prove that, for every y ∈ Sn−1,
x 6= y, we have Lx∩Ly 6= ∅. Let us assume first that aff{x, y}∩K = ∅.
Let Π1,Π2 be two supporting hyperplanes of K containing aff{x, y}.
It is clear that Π1,Π2 are supporting hyperplanes planes of Cx. Let
Π1,2 be the bisector hyperplane of the solid dihedral angle determined
by Π1,Π2 and containing aff{x, y}. We denote by Σ the hyperplane
aff{Lx,Π1 ∩ Π2}. Since for every hyperplane Γ, Lx ⊂ Γ, the equality
SΓ(Cx) = Cx holds, it follows that SΣ(Π1) is a supporting plane of Cx
containing Π1 ∩Π2 and different than Π1. Thus SΣ(Π1) = Π2. Hence
Π1,2 = Σ. Consequently, Lx ⊂ Π1,2. In conclusion, we have that the
relation
aff{Lx, x, y} =
⋂
Π1,2
holds, where the intersection is taken over all couples Π1,Π2 of su-
pporting hyperplanes of K such that aff{x, y} ⊂ Π1,Π2. Interchan-
ging x by y, due the symmetry of this argument, we conclude that
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relation
aff{Ly, x, y} =
⋂
Π1,2.
holds, where again the intersection is taken over all couples Π1,Π2 of
supporting hyperplanes of K such that aff{x, y} ⊂ Π1,Π2. Therefore
aff{Lx, x, y} = aff{Ly, x, y}. Since Lx and Ly can not be parallel, we
get Lx ∩ Ly 6= ∅.
Let x, y ∈ Sn−1 such that aff{x, y} ∩K 6= ∅. We can find points
z1, ..., zk ∈ aff{Lx, y} such that, making x = z1, y = zk,
aff{zi, zi+1} ∩K = ∅, i = 1, ..., k − 1
Lzi ∩ Lzi+1 6= ∅, i = 1, ..., k − 1
Thus Lzi ⊂ aff{Lx, y}, i = 2, ..., k. Hence Lx ∩ Ly 6= ∅.
Therefore the family of lines Φ = {Lx : x ∈ Sn−1} has the property
the every two members intersects. Then either there exists a plane Π
such that the lines of Φ are contained in Π or there exist a point
p ∈ Rn so that all the lines of Φ are passing through p. The first
case is impossible, otherwise, we would have that Sn−1 ⊂ Π which is
absurd. This completes the prove of the Lemma.
In virtue of Lemma 3, K satisfies the conditions of Theorem 2.
Thus K is an sphere.
Proof of Theorem 3.
Lemma 4 Let K ⊂ Rn, n ≥ 2 be a convex body and let Σ be a hyper-
plane such that Σ∩K 6= ∅. If for every affine (n− 2)-plane Γ ⊂ Σ\K
the two supporting hyperplanes of K containing Γ makes equal angles
with Σ, then K is symmetric with respect to Σ.
Proof. It is enough to consider the case n = 2. Contrary to the
statement of the Lemma 4, we suppose the body K is not symmetric
with respect to Σ. Consequently, there exists points x, y ∈ bdK such
that the line segment [x, y] is perpendicular to Σ and
‖x− z‖ < ‖y − z‖ (12)
where z = [x, y] ∩ Σ. Let Lx be a supporting line of K at x and let
Lw be the second supporting line of K passing through Lx ∩ Σ (see
Fig. 1). In virtue of the hypothesis, the angle between Σ and Lx is
equal to the angle between Σ and Lw. By (12), there exists a point
u ∈ [z, y] such that
‖x− z‖ = ‖u− z‖.
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Figure 1:
On the other hand, since Lw is supporting line of K, we have that
‖v − z‖ < ‖u − z‖ for all v ∈ [z, y] ∩ K. Taking v = y, we have
‖y − z‖ < ‖u − z‖, i.e. ‖y − z‖ < ‖x − z‖ but this contradicts the
relation 12.
Lemma 5 Under the conditions of Theorem 3, there exists a point
p ∈ intK such that, for every x ∈ Π\K, the axis Lx of Cx is passing
through p.
Proof. In analogous way as we did in Lemma 3, it can be shown that
the family of lines Ψ = {Lx : x ∈ Π} has the property the every two
members intersects. Then either there exists a plane Γ such that the
lines of Ψ are contained in Γ or there exist a point p ∈ Rn so that all
the lines of Φ are passing through p.
If we assume that the former case holds, then it follows that Π = Γ
and n = 3. Since for every x ∈ Π\K, Lx ∩ intK 6= ∅ necessarily we
have Γ ∩ K 6= ∅, i.e., Π ∩ K 6= ∅. Consequently if Π ∩ K = ∅ then,
for any n ≥ 3, there exist a point p ∈ R3 so that all the lines of Φ are
passing through p. Now if n = 3 and Π∩K 6= ∅, then Π∩K is a circle
with centre at the point p. For one hand, the curve Π∩K is centrally
symmetric, in order to see this, for each unit vector u parallel to Π, we
denote by Cu the right circular cylinder circumscribing K and with
generatrices parallel to u and by Lu the corresponding axis, in virtue of
the hypothesis p ∈ Lu and the line Lu is situated to the same distance
from the two lines given by the intersection Π∩Cu. Thus, in virtue of
the remark exposed in the paragraph next to the Theorem 2, the curve
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Π∩K is centrally symmetric. On the other hand, Π∩K is of constant
width. There exists an affine diameter [a, b] of K perpendicular to
Π, in fact, it belongs to each cylinder Cu, u unit vector parallel to
Π. From this it follows that all the cylinder Cu, u parallel to Π, are
congruent. Since Lu ⊂ Π and p ∈ Lu, for all unit vector u parallel to
Π, we get that the chord [a, b] has as his midpoint p and the bands
determined by the lines Π∩Cu are congruent. Consequently, Π∩K is
a curve of constant width. Thus Π ∩K is a circle. From here, it easy
to see that all the lines of Φ are passing through p. This completes
the prove of the Lemma 5.
Proof of Theorem 3 in dimension 3. In virtue of Lemma 5, there
exists a point p ∈ intK such that, for every x ∈ Π\K, the axis Lx of
Cx is passing through p. We are going to prove, using Lemma 4, that
each plane Σ passing through p is plane of symmetry of K. Let Σ be
a plane, p ∈ Σ. We denote by L the intersection Σ∩Π. Let Γ ⊂ Σ\K
be a line. First, we assume that Γ is not parallel to L. Denote by x
the intersection Γ∩L. If p ∈ Π (see Fig. 2), then for each line L ⊂ Π,
p ∈ L, and for each x ∈ L, the axis Lx is equal to L. In fact, by
Lemma 3, for each x ∈ L, the axis Lx is determined by the points x
and p. Since L = Lx and L ⊂ Σ, we have that Σ is plane of symmetry
of the cone Cx. In the case p /∈ Π, since p, x ∈ Σ, then Lx ⊂ Σ,
and again Σ is plane of symmetry of the cone Cx. Therefore, in both
cases, there exists two supporting planes of Cx and, consequently of
K, symmetric with respect to Σ and containing Γ. Thus K satisfies
the condition of Lemma 4. Hence Σ is plane of symmetry of K. In
virtue of the arbitrariness of Σ, p ∈ Σ, it follows that K is an sphere.
Proof of Theorem 3 in dimension > 3. Let K ⊂ Rn be a convex
body and let Π be a hyperplane such that the conditions of Theorem
3 holds. Let assume that Theorem 3 holds for dimension n−1, we are
going to show that Theorem 3 holds for dimension n. By Lemma 5
there exists a point p ∈ intK such that, for every x ∈ Π\K, the axis
Lx of Cx is passing through p. Let Γ be an affine (n−1)-plane passing
through p. Then, for all x ∈ Γ ∩ Π, the axis Lx is equal to aff{x, p}
and, therefore, Lx ⊂ Γ. It follows that Cx ∩ Γ is a circular cone (in
dimension k) that circumscribes Γ ∩ K. According to the induction
hypothesis Γ ∩ K is an sphere. Hence all the (n − 1)-sections of K
passing through p are spheres. Thus K is an sphere.
Finally, we propose the problem: to prove the following conjecture,
which could be considered as the following natural step in way of the
solution of Conjecture 1.
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Figure 2:
Conjecture 2 Let K ⊂ B1(n)\Sn−1 be a convex body, n ≥ 3, and let
L ⊂ Rn be a line. If, for every x ∈ Sn−1, the cone Cx is a symmetric
cone such that
Lx ∩ L 6= ∅,
then K is an n-ellipsoid and, for every 3-plane Π containing L, the
section Π ∩K is an ellipsoid of revolution with axis L.
The authors want to thank to Jesus Jeronimo-Castro for his comments
and suggestions about this work.
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